The exponential sum S(x) = ^2e(f{m + x)) has mean square size O(M), when m runs through M consecutive integers, f(x) satisfies bounds on the second and third derivatives, and x runs from 0 to 1. 
Let f(x) be a real function satisfying (1) l/ <r) (*)l < B r T/M r in the range M < x < 2M, for suitable parameters B and T(> M). The exponential sum problem (see Graham and Kolesnik [2] ) is to find sufficient conditions on f(x) to ensure that the exponential sum
2M-1 S = y^ e{f{m))
(where e(x) = exp2nix) has order of magnitude 5 = O(M l/2 T e ) for any € > 0; the order of magnitude constant may depend on B and on e. It is well-known that 5 has root mean square size \f~M, in the sense that for a > 1, provided that \f'(x)\ > T/BM; the error term may be improved to 0(M 2 /aT) using a theorem of Montgomery and Vaughan [ 1 ] . In this note we prove another mean value [2] A mean value theorem for exponential sums 305 
In particular, S(x + 1) = S(x) + 0(1). The Fourier expansion of the periodic function which equals S(x) for 0 < x < 1 gives the Poisson summation formula for the original sum S.
THEOREM. Let f(x) satisfy (I) for r = 2 and 3, and suppose that f"(x) and f O) (x) do not change sign, and that \f"(x)\
We expand and integrate term by term. We have
The terms with m = n each give 1. For m ^ n,
for some f between M and 2M, the absolute value of the integrand on the right of (4) is The sum over distinct m and n of l/(/n -n) 2 is O(M). The second set of integrated terms on the right of (4) has the same order of magnitude.
The first set of integrated terms cancels when summed over m and n, except for terms with m = M,n = M,m + \= 2M or n + 1 = 2M. The uncancelled terms are
which completes the proof. It seems difficult to replace the range of integration 0 to 1 by a shorter range. The method above only gives a non-trivial estimate for the Fourier coefficient f 0 \S(x)\ 2 e(hx)dx when the integer h is small. It is a pleasure to thank the Tata Institute of Fundamental Research for the invitation to lecture on exponential sums which led me to consider this mean value.
